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Abstract
The possibility of the emergence of some kind of long-range ordering (LRO) due to
the increase of multiplicity of the local degrees of freedom (spin value S) is studied
in an Ising antiferromagnet on a kagome lattice (IAKL) by Monte Carlo simulation.
In particular, the critical exponent of the spin correlation function, obtained from
a finite-size scaling analysis, is evaluated for various values of S, including S = ∞,
with the goal to determine whether there exists some threshold value of the spin SC
above which the system would show true or quasi-LRO, similar to a related model
on a triangular lattice (IATL). It is found that, unlike in the IATL case, the IAKL
model remains disordered for any spin value and any finite temperature.
Key words: Ising antiferromagnet, kagome lattice, general spin, geometrical
frustration, long-range order
1 Introduction
Geometrical frustration in spin systems prevents simultaneous minimization of all
microscopic interactions and weakens the system’s tendency to form an ordered state
at low or even zero temperature. The conceptually simplest example of such a system
is a spin S = 1/2 Ising antiferromagnet on a triangular lattice (IATL), which has
been shown to exhibit no long-range ordering (LRO) at any finite temperatures [1–3].
The ground state (T = 0) is characterized by a finite residual entropy (0.3231kB)
and a power-law decaying correlation function with the exponent η = 1/2 [4].
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One way to alleviate the effects of frustration and thus to induce order is by increas-
ing multiplicity of the local degrees of freedom, which can be achieved by increasing
the magnitude of the spin variable S. The effect of the spin magnitude on critical
properties of IATL has attracted considerable attention and numerous results on
this topic have been reported in a series of papers [5–13]. A phenomenological the-
ory lead to a conclusion that in the limit of S →∞ the ground state shows (partial)
antiferromagnetic LRO with two sublattices fully ordered and the third one disor-
dered. This scenario was further supported by Monte Carlo simulations. They found
that at low temperatures with the increasing S the value of the correlation function
exponent decreases from η = 1/2 for S = 1/2 down to zero for S exceeding some
threshold value SC , suggesting that for sufficiently large values of S LRO exists at
zero temperature and a phase transition occurs at a finite temperature.
The spin S = 1/2 quantum Heisenberg antiferromagnet on a triangular lattice
(HATL) was initially believed to show liquid-like ground state without magnetic
LRO [14,15]. Nevertheless, a series of later studies lead to a conclusion that for any
S, including the extreme quantum limit of S = 1/2, the ground state displays a
semi-classical three-sublattice Ne´el LRO (see, e.g., Refs. [16–22]), albeit very fragile
due to the interplay between quantum fluctuations and strong frustration with the
sublattice magnetization drastically diminished [19, 20].
A number of investigations have also been carried out for the Heisenberg antiferro-
magnet on a kagome lattice (HAKL), providing a very strong numerical evidence
that the ground state of the model is a quantum spin liquid with no magnetic
LRO for spin S = 1/2 [23–30] as well as for the S = 1 case [27, 31–34]. Neverthe-
less, magnetic LRO can be stabilized by increasing the spin quantum number to
S > 1 [27, 35–38] even though it melts at any finite temperature [38, 39].
Considering the attention paid to the existence of LRO in the general spin-S IATL
and HATL models on the triangular lattice as well as the HAKL model on the
kagome lattice, it is surprising that no study of this kind has been done yet for a
general spin-S Ising antiferromagnet on the kagome lattice (IAKL). For S = 1/2
IAKL displays even higher geometrical frustration than IATL resulting in no LRO
at any temperature including zero temperature limit [40] and extremely large value
of the residual entropy (0.5018kB) [41]. The ground state is characterized by a short-
range order (spin liquid state), with two spins parallel and the third one antiparallel
in each triangle. However, there is no ordering among the triangles, which leads to
a massive degeneracy [42–45].
In the present study we focus on the question whether some kind of ordering can
be induced by increasing multiplicity of the local degrees of freedom even in such
a superfrustrated spin system. In particular, we consider the spin-S IAKL model,
with S increasing up to infinity (continuous spin), and study the character of the
spin-correlation function by Monte Carlo simulations.
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2 Model and method
The Hamiltonian of the spin-S IAKL model is given by
H = −J ∑
〈i,j〉
σiσj , (1)
where J < 0 is the exchange interaction, σi = Si/S, where Si denotes the Ising spin
on the i-th site allowed to take values −S, −S +1, ..., S− 1, S, and the summation
runs over all nearest neighbors. For S →∞ the spin variables σi are allowed to take
continuous values from the interval 〈−1, 1〉.
The model is studied by employing the Monte Carlo (MC) method with the stan-
dard Metropolis algorithm and focusing on the low-temperature region. We execute
extensive MC simulation runs on kagome lattices with the linear sizes L = 36, 60, 84,
128 and 160 (corresponding to the total number of spins N = 3L2) with the periodic
boundary conditions, for several increasing values of the spin S = 1/2, 1, 3/2, 5/2, 4,
and ∞. The simulations start from random states at a relatively high temperature
Tmax = 3.5 and continue to lower temperatures with gradually decreasing step ∆T
down to Tmin = 0.003, which is close to the ground-state conditions. The final state
at the previous temperature is used as the initial state for the next temperature. For
averaging in the equilibrium state we take over 4× 106 MC sweeps after discarding
the initial 106 sweeps, which are used for thermalization. Throughout the paper we
set J = −1 and kB = 1.
[Fig. 1 about here.]
We calculate the internal energy per spin e = 〈H〉 /N and from its fluctuations the
specific heat per spin, defined as
c =
〈H2〉 − 〈H〉2
NT 2
. (2)
We consider the kagome lattice consisting of three interpenetrating sublattices A,
B and C with the so-called “q = 0” structure, as shown in Fig. 1. If there is any
sublattice LRO (true one or just quasi-LRO), it should be reflected in the behavior
of sublattice magnetizations (sublattice order parameters), which can be calculated
by summing all the spins in the respective sublattices, i.e.,
mα = 〈Mα〉 /N =
〈∑
i∈α
σi
〉
/N, α = A, B, C. (3)
If the system displays the quasi-LRO with the power-law decaying spin correlation
function
〈SiSj〉 ∝ r−ηij , (4)
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where η is the critical exponent, the sublattice order parameters, mα, should scale
with the lattice size as [46]
mα(L) ∝ L−η/2. (5)
Alternatively, the quantity
Y =
〈
M2A +M
2
B +M
2
C
〉
/N, (6)
related to the magnetic susceptibility, should scale as [10, 47]
Y (L) ∝ L2−η. (7)
True magnetic LRO can be detected if η goes to zero, while the disordered phase
with exponentially decaying correlation function will be characterized by the value
of η = 2.
3 Results and conclusions
[Fig. 2 about here.]
Considering the fact that MC simulations of such a highly frustrated system at very
low temperatures are targeted, it is mandatory to ensure that equilibrium conditions
are established even for the most demanding situations corresponding to the lowest
simulated temperatures and the largest system sizes. Besides some standard analysis
of various time series collected during the MC runs, in this case these can also
be verified by checking whether the normalized internal energy converges to the
expected exact ground-state value of eGS = −2/3.
Figures 2(a)-2(c) present temperature dependencies of e for selected values of S,
shown on a semi-logarithmic scale for a better focus on the approach to T → 0.
A closer inspection reveals that for S = 1/2 the value of eGS is reached already at
relatively high T ≈ 0.3 (Fig. 2(a)), while for S = 5/2 in order to achieve it the tem-
perature needs to be decreased below T ≈ 0.03 (Fig. 2(b)). With the increasing S
the convergence becomes gradually slower and, eventually, for S =∞ the eGS value
is not reached even at the lowest simulated temperature Tmin = 0.003 (Fig. 2(c)).
However, the inability to reach the ground-state energy value for S =∞ should not
be ascribed to the used method but rather to the high sensitivity of the system to
thermal fluctuation that increase the internal energy already at very low tempera-
tures. Equilibrium conditions have been verified and confirmed also in this case by
careful analysis of the collected time series.
Generally, the internal energy per spin is not expected to show any noticeable de-
pendence on the system size and indeed the curves for various L perfectly collapse
on each other. The respective specific heat temperature dependencies, plotted in
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Figs. 2(d)-2(f), show the presence of a single round maximum moving to lower tem-
peratures with increasing S. As expected, for the continuous spin case the specific
heat remains finite in the zero temperature limit. Even in this case no finite-size
dependence is observed.
In Figs. 2(g)-2(i) we show temperature dependencies of the sublattice magnetiza-
tions mA
1 and in Figs. 2(j)-2(ℓ) also the quantity Y , for some selected values of
S and increasing lattice size L. While the sublattice magnetizations display overall
rather small values, which systematically decrease with the increasing L, the val-
ues of Y are much larger and do not show any noticeable changes with L. As the
spin value increases both quantities show a more rapid decrease with the increasing
temperature. It is worth mentioning that small values of the sublattice magnetiza-
tions close to T = 0 alone do not rule out the possibility of the sublattice LRO.
Unsaturated, albeit much larger ground-state values of mα were also reported in the
IATL model for all spins producing sublattice LRO, i.e. S > SC , except for S =∞
(see, e.g., Ref. [9]). We note that in all the curves in Fig. 2, showing temperature
dependencies of various quantities, the error bars are rather small and smaller than
the symbol sizes.
A better picture about the sublattice magnetizations behavior on approach to the
thermodynamic limit can be obtained from a finite-size scaling (FSS) analysis. Us-
ing the scaling relations (5) and (7), in Fig. 3 we present the FSS plots for the
sublattice magnetization mA and the quantity Y for different values of S at the
lowest considered temperature. All the curves show on the log-log scale an excellent
linear dependence. The quality of the fit slightly deteriorates with the increasing
value of S, nevertheless, even for the worst case of S =∞ an adjusted coefficient of
determination, as a measure of goodness of fit [48], did not drop below R2 = 0.999.
The respective slopes correspond to the values of −η/2 ≈ −1 and 2 − η ≈ 0, i.e.,
very close to the value of η = 2 expected for the exponential decay of the correlation
function.
[Fig. 3 about here.]
Temperature dependencies of the critical exponents −η/2 and 2 − η for different
spin values are shown in Fig. 4. For all the temperatures and the spin values the
estimated values of −η/2 and 2−η fluctuate around −1 (Fig. 4(a)) and 0 (Fig. 4(b)),
respectively. The error bars, which are taken as 95% confidence intervals, are larger
at very low T and very large S, nevertheless, in all the instances they include the
respective values of −η/2 = −1 and 2− η = 0. Similar observation can be made by
looking at spin S dependencies of the critical exponents −η/2 and 2−η at the lowest
simulated temperature, shown in Fig. 5. The presented evidence strongly suggests
that the system with arbitrary spin value S remains in the disordered state down
to very low temperatures.
1 The remaining sublattice magnetizations mB and mC give the same results as mA and,
therefore, hereafter only the results for mA and those based on mA will be presented.
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[Fig. 4 about here.]
[Fig. 5 about here.]
In this Letter, we studied the possibility of emergence of any long-range ordering
(LRO) due to the increase of multiplicity of the local degrees of freedom (spin value
S) in the IAKL model by the means of Monte Carlo simulations. We considered
different values of S, including S = ∞, and studied the decay of the correlation
function by evaluating its critical exponent η obtained from a FSS analysis. The
goal was to determine whether there exists some threshold value of the spin SC
above which the system would show some LRO, as reported in a related model on
triangular lattice (IATL). We found that the value of η depends neither on the spin S
nor the temperature T and it remains constant at η = 2. This suggests that the IAKL
model with general spin S doesn’t exhibit any LRO at any finite temperature. Thus
this behavior differs from that of the IATL model, for which the system above some
SC crosses over to a partially disordered LRO phase. On the other hand, the finding
of no LRO at any finite temperature in the IAKL model resembles more the behavior
of its Heisenberg counterpart (HAKL) [38,39], in which, however, LRO is prohibited
by the Mermin-Wagner theorem [49]and thus its absence has different origin than
in the IAKL model. Nevertheless, the presented finite-temperature results do not
exclude the possibility of a crossover to a magnetic LRO phase in the ground state,
which is the case for the HAKL system.
Finally, we would like to remark that the presented analysis focuses on the possibility
of one type of sublattice ordering, as shown in Fig. 1 (so-called “q = 0”), but in
principle it does not rule out some other type of ordering for different choice of
sublattices. In fact, we also tentatively performed similar analysis restricted to the
case of S =∞ (the most likely candidate for LRO), assuming different, the so-called
“
√
3×√3”, type of ordering (see, e.g. Fig. 1 in Ref. [35]) but no evidence of LRO was
found either. We believe that if there was some type of LRO in the present systems
the phase transition to such a state would be accompanied with typical anomalies in
the global (involving the entire system) quantities, such as the specific heat and the
quantity Y , and the type of ordering would be identifiable from the spin snapshots.
None of this could be observed in our results and, thus, we find any type of LRO
unlikely to occur at least at finite temperatures.
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Fig. 1. Kagome lattice partitioned into three interpenetrating sublattices, A (shaded cir-
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